Note:

CHAPTER 4: STATIC
Version: 0.2.4 March 2, 2010
This chapter is part of the textbook:

__ y
k'Basics of Fluid Mechanics” L.

You can download the whole book if you like
from: www.potto.org.
This chapter is under GDL with a minor modi -

cations. Potto License is no longer applied.

Please be aware that this book is updated fre-

guently — every three weeks or so.

GENICK BAR-MEIR, PH.D.
CHICAGO, ILLINOIS
MARCH 2, 2010



THE LIST OF THE AVAILABLE BOOKS IN POTTO PROJECT

Avail-
. ability
Project Progress | Remarks | Version | for
Name Public
Download
Compressible Flow | beta 0482 | 4
Gas Dynamics Ta- | nal World 1.2
bles biggest
Die Casting alpha 0.12 | 4
Dynamics NSY 0.00 | 6
Fluid Mechanics alpha 0.185 | 4
Heat Transfer NSY Based 0.00 | 6
on
Eckert
Mechanics NSY 0.0.0
Open Channel | NSY 0.0.0
Flow
Statics early rst 0016
alpha chapter
Strength of Material | NSY 0.0.0
Thermodynamics early 0.0.01
alpha
Two/Multi  phases | NSY Tel- 0.0.0 | 6
ow Aviv's
notes

NSY = Not Started Yet



CHAPTER 4
Fluids Statics

4.1 Introduction

The simplest situation that can occur in the study of °uid is when the °uid is at rest or
queasy rest. This topic was introduced to most students in previous study of rigid body.
However, here this topic will be more vigorously examined. Furthermore, the student
will be exposed to stability analysis probably for the rst time. Later, the methods
discussed here will be expanded to more complicated dynamics situations.

4.2 The Hydrostatic Equation en

A °uid element with dimensions dDC, w0+ P gy
dy, and dz is motionless in the accel- e
erated system, with acceleratiora as v
shown in Figure4.l.  The system is

in a body force "eld,gs(x;y;z). The
combination of an acceleration and the
body force results in e®ective body force
which is

° @p. !
&l 5
P + @xdx dydz

L 41 Fig. -4.1. Description of a °uid element in accel-
Gei 8% Geo (4.1) erated system under body forces.

Equation @.1) can be reduced and sim-
pli ed for the case of no acceleratiom = 0.

In these derivations, several assumptions must be made. The rst assumption
is that the change in the pressure is a continuous function. There is no requirement
that the pressure has to be a monotonous function e.g. that pressure can increase
and later decrease. The changes of the second derivative pressure are not signi cant
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compared to the rst derivative @ P=@h d* >> @%P=@#1). wheren is the steepest
direction of the pressure derivative amd is the in nitesimal length. This mathematical
statement simply requires that the pressure can deviate in such a way that the average
on in nitesimal area can be found and expressed as only one direction. The net pressure
force on the faces in the direction results in

H 1
@P A
dF = — dydxi 4.2
i @x y 4.2)
In the same fashion, the calculations of the three directions result in the total net
pressure force as

X M 1
= @Py, @P., @PQ

Fi @ " ay " ay

surface

(4.3)

The term in the parentheses in equatiod.@) referred to in the literature as the
pressure gradient. This mathematical operation has a geometrical interpretation. If the
pressure P, was a two{dimensional height (that is only a function of and y) then
the gradient is the steepest ascent of the height (to the valley). The second point is
that the gradient is a vector (that is, it has a direction). Even though, the pressure is
treated, now, as a scalar function (there no reference to the shear stress in part of the
pressure) the gradient is a vector. For example, the dot product of the following is

@P

N2 = =
I'2 grad P @x (4.4)

In general, if the coordinates were to \rotate/transform"” to a new system which
has a di®erent orientation the dot product results in
— @P
in2gradP = — 4.5
n? 9 on (4.5)
wherei, is the unit vector in then direction and@=@is a derivative in that direction.
As before, the e®ective gravity force is utilized in case where the gravity is the only
body force and in an accelerated system. The body (element) is in rest and therefore

the net force is zero
X X X
F= F+ F (4.6)

total surface body
Hence, the utilizing the above derivations one can obtain
i grad Pdxdydz+ “2g,dxdydz=0 4.7)

or

grad P = %@, (4.8)
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Some refer to equation4.8) as the Fluid Static Equation. This equation can be
integrated and therefore solved. However, there are several physical implications to this
equation which should be discussed and are presented here. First, a discussion on a
simple condition and will continue in more challenging situations.

4.3 Pressure and Density in a Gravitational Field

In this section, a discussion on the pressure and the density in various conditions is
presented.
4.3.1 Constant Density in Gravitational Field

The simplest case is when the densitg, pressureP, and temperature,T (in a way
no function of the location) are constant. Traditionally, the coordinate is used as the
(negative) direction of the gravity. The e®ective body force is

g.= i gk (4.9)

Utilizing equation @.9) and substituting it into equation 4.8) results into three
simple partial di®erential equations. These equations are

@P_ @P_
@x ay 0 (4.10)
and
P
%z: i g (4.112)

Equations @.10 can be integrated to yield
P(x;y) = constant (4.12)

and constant in equation4.12) can be absorbed by the integration of equatiof.{1)
and therefore

P(x;y;z) = | Ygz+ constant (4.13)

The integration constant is determined from the initial conditions or another point.
For example, if at pointzy the pressure i®y then the equation ¢.13) becomes

P(z)i Po=i %4z zo) (4.14)

1This situation were the tradition is appropriated, it will be used. There are “elds where x or y are
designed to the direction of the gravity and opposite direction. For this reason sometime there will be
a deviation from the above statement.
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Constant — N\,
Pressure
Lines

Fig. -4.2. Pressure lines a static °uid with a constant density.

N
It is evident from equation4.13) that the

pressure depends only arand/or the con-

stant pressure lines are in the plane x»f

andy. Figure 4.2 describes the constant

pressure lines in the container under the gh
gravity body force. The pressure lines are
continuous even in area where there is a

<)

discontinuous °uid. The reason that a al
solid boundary doesn't break the continu- u
ity of the pressure lines is because there is u

always a path to some of the planes.
It is convenient to reverse the direc-_ ) )
tion of z to get rid of the negative sign and Fig. -4.3. A sche_matlc to explain the measure
to de'ne h as the dependent of the °uid of the atmospheric pressure.
thatish i (zi zp) so equation ¢.14)
becomes

P(h)i Po= %gh (4.15)

In the literature, the right hand side of the equatiort (15 is de ned as piezo-
metric pressure.

4.3.2 Pressure Measurement
4.3.2.1 Measuring the Atmospheric Pressure

One of the application of this concept is the idea of measuring the atmospheric pressure.
Consider a situation described in Figu4e8. The liquid is Tling the tube and is brought

into a steady state. The pressure above the liquid on the right side is the vapor pressure.
Using liquid with a very low vapor pressure like mercury, will result in a device that can

measure the pressure without additional information (the temperature).
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Example 4.1:

Calculate the atmospheric pressure 28*C. The high of the Mercury is 0.76 [m] and
the gravity acceleration is 9.88[=seq. Assume that the mercury vapor pressure is
0.000179264[kPa]. The description of the height is given in Figdrg The mercury
density is 13545.8kg=n"].

Solution

The pressure is uniform or constant plane perpendicular to the gravity. Hence, knowing
any point on this plane provides the pressure anywhere on the plane. The atmospheric
pressure at pointa is the same as the pressure on the right hand side of the tube.
Equation @.15 can be utilized and it can be noticed that pressure at poiats

Pa = ]/Zg h+ Pvapor (4.16)
The density of the mercury is given along with the gravity and therefore,
P, = 13545:85£ 9:82£ 0:76» 10109539[Pa] » 1:.01Bar]

The vapor pressure is abodltf 10' 4 percent of the total results.
End Solution

The main reason the mercury is used be-
cause its of large density and the fact that it
is in a liquid phase in most of the measure-

ment range. The third reason is the low va-

por (partial) pressure of the mercury. The par- Gas 2

tial pressure of mercury is in the range of the The pressure, P
0.000001793[Bar] which is insigni cant com- c

valve

pared to the total measurement as can be ob-
served from the above example.

Example 4.2:

A liquid® a in amount H, and a liquid b in

amountHy, in to an U tube. The ratio of the Fig. -4.4. Schematic of gas measurement
liquid densities i® = Y3=%. The width of the utjlizing the \U" tube.

U tube isL. Locate the liquids surfaces.

Solution

The question is to 'nd the equilibrium point where two liquids balance each other. If
the width of the U tube is equal or larger than total length of the two liquids then the
whole liquid will be in bottom part. For smaller width,, the ratio between two sides
will be as

1/§h1: Vahz! h2: ®h1

2This example was requested by several students who found their instructor solution unsatisfactory.
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The mass conservation results in
Ha+ Hp=L+ hi+ hy
Thus two equations and two unknowns provide the solution which is
Ha+ Hpij L
1+®

WhenH, >L and% (Hai L), % (or the opposite) the liquida will be on the two
sides of the U tube. Thus, the balance is

hj_:

hi %+ hyYa = ha %4

whereh; is the height of liquidb whereh, is the height of \extra" liquida and same
side as liquidb and wherehs is the height of liquidb on the other side. When in this
caseh; is equal toHy,. The additional equation is the mass conservation as

Ha=hy+ L+ hg

The solution is
_ (Hai L)%ai Ho'%
2V,

End Solution

hz

4.3.2.2 Pressure Measurement

The idea describes the atmo-
spheric measurement can be ex-
tended to measure the pressure
gas chambers. Consider a cham-
ber Tled with gas needed to be
measured (see Figurd.4). One
technique is to attached \U" tube
to the chamber and measure the
pressure. This way, the gas is pre-
vented from escaping and its pres-
sure can be measured with a min-
imal interference to the gas (some
gas enters to the tube).

The gas density is signi cantly lower than the liquid density and therefore can be
neglected. The pressure at point \1" is

Fig. -4.5. Schematic of sensitive measurement device.

P1 = Pamos + Y20 h (4.17)

Since the atmospheric pressure was measured previously (the technique was show
in the previous section) the pressure of the chamber can be measured.
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4.3.2.3 Magni ed Pressure Measurement

For situations where the pressure di®erence is very small, engineers invented more sensi-
tive measuring device. This device is build around the fact that the height is a function
of the densities di®erence. In the previous technique, the density of one side was ne-
glected (the gas side) compared to other side (liquid). This technique utilizes the
opposite range. The two sides of the densities are very close to each other so the height
became large. Figurd.5 shows a typical and simple schematic of such an instrument.
If the pressure di®erences betwdenand P, is small this instrument can \magni ed"
height, h, and provide \better" accuracy reading. This device is based on the following
mathematical explanation.

In steady state, the pressure balance (only di®erences) is

P+ g%(hi+ hy)= P+ ghy % (4.18)

It can be noticed that the \missing height" is canceled between the two sides. It can
be noticed thath; can be positive or negative or zero and it depends on the ratio that
two containers “lled with the light density liquid. Additionally, it can be observed that
h, is relatively small becausk; >> A ,. The densities of the liquid are chosen so that
they are close to each other but not equal. The densities of the liquids are chosen to
be much heavier than the measured gas density. Thus, in writing equatiob8[ the
gas density was neglected. The pressure di®erence can be expressed as

Pii P2=g[%2h2i Ya(hy+ hy)] (4.19)

If the light liquid volume in the two containers is known, it provides the relationship
betweenh; and h,. For example, if the volumes in two containers is equal then
h2 Az
Ay
Liquid volumes do not necessarily have to be equal. Additional parameter, the volume
ratio, will be introduced when the volumes ratio isn't equal. The calculations as results
of this additional parameter does not cause signi cant complications. Here, this ratio
equals to one and it simplify the equatiod 0. But this ratio easily can be inserted
into the derivations. With the equation for height4(20) e%ation @.18 becomes
M H

i h]_ A1 = h2 A2 |l h]_ =i (420)

A
Pii P=ghy %i % 1j A—Z (4.21)
1

or the height is
h,= _h Pii P2 i
g (i %)+ iRt

(4.22)

For the small value of the area ratidy,=A; << 1, then equation ¢.22 becomes
h, = Pi1i P2
g(2i %)

Some refer to the density di®erence shown in equati®2 as \magni cation factor"
since it replace the regular density.

(4.23)
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4.3.3 Varying Density in a Gravity Field

There are several cases that will be discussed here which are categorized as gase
liquids and other. In the gas phase, the equation of state is simply the ideal gas model
or the ideal gas with the compressibility factor (sometime referred to as real gas).
The equation of state for liquid can be approximated or replaced by utilizing the bulk
modulus. These relationships will be used to nd the functionality between pressure,
density and location.

4.3.3.1 Gas Phase under Hydrostatic Pressure

Ideal Gas under Hydrostatic Pressure

The gas density vary gradually with the pressure. As rst approximation, the ideal gas
model can be employed to describe the density. Thus equatibfl) becomes

@p_. 9P

@z RT

Separating the variables and changing the partial derivatives to full derivative (just a
notation for this case) results in

(4.24)

dpP gdz
= = 222 4.2
p I RT (4.25)
Equation @.25 can be integrated from point \0" to any point to yield
P_. 9 ..
In FTO = RT (Z] Zo) (426)
It is convenient to rearrange equatiod.Q6) to the following
. 9(zi 20)
P_@ "® (4.27)
Po

Here the pressure ratio is related to the height exponentially. Equati#27) can be
expanded to show the di®erence to standard assumption of constant pressure as

h*gg

P (IH%{ ( )2
_.. Zi Z0)9, (Zi 20) 9

Or in a simpli"ed form where the transformation d¢f = (z | zg) to be
0 correcti n_f ctor q
5ot

Po_., %98 Migee
o=l 2RI K (4.29)
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Equation @.29 is useful in mathematical derivations but should be ignored for practical
usée.

Real Gas under Hydrostatic Pressure

The mathematical derivations for ideal gas can be reused as a foundation for the
real gas modelR = Z%RT). For a large range oP=P. and T=T, the value of the
compressibility factorZ, can be assumed constant and therefore can be swallowed into
equations ¢.27) and (4.28). The compressibility is de ned in equatior2(39. The
modi ed equation is

P - 9(zi 20)
£ ZRT (4.30)

Or in a series form which is

P_,. @iz)g, @ 20)°g

P =l “ZRT s7RT * oo (4.31)

Without going through the mathematics, the "rst approximation should be noticed
that the compressibility factorZ enter the equation a$i=Z and not justh. Another
point that is worth discussing is the relationship of Z to other gas properties. In general,
the relationship is very complicated and in some rangesannot be assumed constant.

In these cases, a numerical integration must be carried out.

4.3.3.2 Liquid Phase Under Hydrostatic Pressure

The bulk modulus was de ned in equatiod.8). The simplest approach is to assume

that the bulk modulus is constant (or has some representative average). For these cases,
there are two di®erential equations that needed to be solved. Fortunately, here, only
one hydrostatic equation depends on density equation. So, the di®erential equation for
density should be solved rst. The governing di®erential density equation (see equation

(1.29) is

@Y%
1/= -
o= Bt P (4.32)
The variables for equation4(32) should be separated and then the integration can be
carried out as

* dY
dP=  Br— (4.33)
Po ) /2
The integration of equation 4.33) yields
%
P Pp=Brln— (4.34)
l/@

3These derivations are left for a mathematical mind person. These deviations have a limited practical
purpose. However, they are presented here for students who need to answer questions on this issue.
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Equation @.34) can be represented in a more convenient form as

PP
= 1, &7 (4.35)

Equation @.35) is the counterpart for the equation of state of ideal gas for the liquid
phase. Utilizing equation4.35) in equation @.11) transformed into

@P Pé Po
@Z: i gl/@e T (4.36)
Equation @.36) can be integrated to yield
B PP
g—;e T = z + Constant (4.37)
(]

It can be noted thatBt has units of pressure and therefore the ratio in front of the
exponent in equation4.37) has units of length. The integration constant, with units
of length, can be evaluated at any speci ¢ point. If at= 0 the pressure i®y and the
density is% then the constant is

B
Constant = g—lT/@ (4.38)

This constant,Bt =g %, is a typical length
of the problem. Additional discussion
will be presented in the dimensionless is-
sues chapter (currently under construc-
tion). The solution becomes

Ho )l
B Pi Pg
2T @5 i1 =2 (4.39)
9% | S
. _ _ T
Or in a dimensionless form - Br
u 1 Fig. -4.6. Hydrostatic pressure when there is
S z29% compressibility in the liquid phase
e ;1 = (4.40) :

B
The solution is presented in equatiod.39 and is plotted in Figuret.6. The solution
is a reverse function (that is noP = f (z) but z = f (P)) it is @ monotonous function
which is easy to solve for any numerical value (that is only @aneorresponds to any
Pressure). Sometimes, the solution is presented as
P_Br g%z

— ==L n
P, Po Br

+1 +1 (4.41)
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An approximation of equation4.40 is presented for historical reasons and in
order to compare the constant density assumption. The exponent can be expanded as

_ _ 1
Elreezsomrzmc . corrglctions {
3 — Br'PiPo ’ Br'PiP’
(PiPo) + = s regTeen 443
2 Br 6 Br

It can be noticed that equation4.42) is reduced to the standard equation when the
normalized pressure ratid? =By is small €< 1). Additionally, it can be observed that
the correction is on the left hand side and not as the \traditional" correction on the
piezometric pressure side.

4.3.4 The Pressure E®ects Because Temperature Variations
4.3.4.1 The Basic Analysis

There are situations when the main change of the density results from other e®ects.
For example, when the temperature “eld is not uniform, the density is a®ected and thus
the pressure is a location function (for example, in the atmosphere the temperature is
assumed to be a linear with the height under certain conditions.). A bit more complicate
case is when the gas is a function of the pressure and another parameter. Air can be a
function of the temperature “eld and the pressure. For the atmosphere, it is commonly
assumed that the temperature is a linear function of the height.

Here, a simple case is examined for which the temperature is a linear function of
the height as

daT

an = Cx (4.43)

whereh here referred to height or distance. Hence, the temperature{distance function
can be written as

T = Constant j Cx h (4.44)
where theConstant is the integration constant which can be obtained by utilizing the
initial condition. For h =0, the temperature isTp and using it leads to

T=Toi Cxh (4.45)
Combining equation 4.45 with (4.11) results in

@P_ | gP

@ R(Toi G (4.46)
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Separating the variables in equatiod.¢6) and changing the forma@to the informal
d to obtain

P _. _ gdn

P TIRM G (@an

De ning a new variabléas» = (To | Cy h) for which» = Ty j Cy hg and d=d»=
i Cx d=dh. Using these de nitions results in

P _ g b
P ~ RCy »

(4.48)

After integration of equation 4.47) and reusing (the reverse de nitions) the variables
transformed the result into
P g Toi Cxh

In — = In 4.49
Po RCy To ( )

Or in a more convenient form as

P Mri conl(vEs) 450
Py T (4.50)

It can be noticed that equation 4.50) is a monotonous function which decreases
with height because the term in the brackets is less than one. This situation is roughly
representing the pressure in the atmosphere and results in a temperature decrease. It car
be observed thaC, has a \double role" which can change the pressure ratio. Equation
(4.50 can be approximated by two approaches/ideas. The rst approximation for a
small distanceh, and the second approximation for a small temperature gradient. It
can be recalled that the following expansions are

9h*o correctﬁ)n factO{
U I o er-{ _2¢_2
Pooim 1y Sp T og; G0 ROG g R (4.51)
Py n o i T =1 T,R i 2T,2R? joo )

Equation @.51) shows that the rst two terms are the standard terms (negative sign is
as expected i.e. negative direction). The correction factor occurs only at the third term
which is important for larger heights. It is worth to point out that the above statement
has a qualitative meaning when additional parameter is added. However, this kind of
analysis will be presented in the dimensional analysis chapter

4A colleague asked this author to insert this explanation for his students. If you feel that it is too
simple, please, just ignore it.

5These concepts are very essential in all the thermo{°uid science. | am grateful to my adviser
E.R.G. Eckert who was the pioneer of the dimensional analysis in heat transfer and was kind to show
me some of his ideas.
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The second approximation for smdll is

(4.52)

Equation @4.52 shows that the correction factor (lapse coexcientfy, in°uences at
only large values of height. It has to be noted that these equatioh$]) and (4.52

are not properly represented without the characteristic height. It has to be inserted to
make the physical signi cance clearer.

Equation @.50) represents only the pressure ratio. For engineering purposes, it
is sometimes important to obtain the density ratio. This relationship can be obtained
from combining equations4.50) and (4.45. The simplest assumption to combine these
equations is by assuming the ideal gas model, equat@29), to yield

ff T

z P { R

3} 1o El—}l —
Ze_PTo_ 7y, Shimesin, & (4.53)
Yy PoT ' T T '

** Advance material can be skipped *
4.3.4.2 The Stability Analysis
Itis interesting to study whether

this solution @.50) is stable and if so - h+dh

under what conditions. Suppose that ~ )

for some reason, a small slab of mate- h

rial moves from a layer at heighh, to
layer at heighth + dh (see Figurel.7)
What could happen? There are two Fig. -4.7. Two adjoin layers for stability analysis.
main possibilities one: the slab could

return to the original layer or two: stay at the new layer (or even move further, higher
heights). The “rst case is referred to as the stable condition and the second case re-
ferred to as the unstable condition. The whole system falls apart and does not stay if
the analysis predicts unstable conditions. A weak wind or other disturbances can make
the unstable system to move to a new condition.

This question is determined by the net forces acting on the slab. Whether these
forces are toward the original layer or not. The two forces that act on the slab are
the gravity force and the surroundings pressure (buoyant forces). Clearly, the slab
is in equilibrium with its surroundings before the movement (not necessarily stable).
Under equilibrium, the body forces that acting on the slab are equal to zero. That is,
the surroundings \pressure" forces (buoyancy forces) are equal to gravity forces. The
buoyancy forces are proportional to the ratio of the density of the slab to surrounding
layer density. Thus, the stability question is whether the slab density from Ibyéé(h)
undergoing a free expansion is higher or lower than the density of the kayedh. If
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1/§(h) > A h + dh) then the situation is stable. The ternhé(h) is slab from layeh that
had undergone the free expansion.

The reason that the free expansion is chosen to explain the process that the slab
undergoes when it moves from layerto layerh + dh is because it is the simplest. In
reality, the free expansion is not far way from the actual process. The two processes
that occurred here are thermal and the change of pressure (at the speed of sound).
The thermal process is in the range of [cm/sec] while the speed of sound is about
300 [m/sec]. That is, the pressure process is about thousands times faster then the
thermal process. The second issue that occurs during the \expansion" is the shock (in
the reverse casgh + dh] ! h). However, this shock is insigni cant (check book on
Fundamentals of Compressible Flow Mechanics by this author on the French problem).

The slab density at layeln+ dh can be obtained using equatiod.63) as following
H o ¢ dhﬂ(Rng)u1+ Cedh!

To T

“Yh+dh) PTp _

w%h)  PoT (4.54)

The pressure and temperature change when the slab moves from layertatlayer
h+ dh. The process, under the above discussion and simpli cations, can be assumed to
be adiabatic (that is, no signi cant heat transfer occurs in the short period of time). The
little slab undergoes isentropic expansion as following for which (see equai@)

Wh+ dh) P PYh+ dhy T

h) J0) (4.55)

When the symboP denotes the slab that moves from layérto layer h + dh. The
pressure ratio is given by equatiod.60) but can be approximated by equatior(51)
and thus

Wh+dn " gdn T3 4.56)
wh) TP TR '
Again using the ideal gas model for equatiofh.%7) transformed into
H T 1=«
1 1
A(h + dh) =1 Y»gdh (4.57)
&h) P
Expanding equation4.57) in taylor series results in
Moy, gan = vdh ki G2¥E dh?
1j —/ngh =1 g*%dn g i 9 i (4.58)

P Pk 2P2k2

The density at layeth + dh can be obtained from4.54) and then it is expanded
in taylor series as

H T(z)H 1 H 1
4h+dh) _ "~ Cydh' (=&x Cy dh Fgw cy
W— 1| TO 1+ » 1| FI T dh+ ¢¢q459)
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The comparison of the right hand terms of equation$.%9 and (4.58) provides
the conditions to determine the stability.

From a mathematical point of view, to keep the inequality for a sndilonly the
“rst term need to be compared as

% g% C
%> %i - (4.60)

After rearrangement of the inequality4(60) and using the ideal gas identity, it trans-
formed to

G, (ki Dg¥%
T kP

ki lg
<R

(4.61)

The analysis shows that the maximum amount depends on the gravity and gas
properties. It should be noted that this value should be changed a bit sincé thteould
be replaced by polytropic expansion When lapse rateCy is equal to the right hand
side of the inequality, it is said that situation is neutral. However, one has to bear in
mind that this analysis only provides a range and isn't exact. Thus, around this value
additional analysis is needéd

One of the common question this author has been asked is about the forces
of continuation. What is the source of the force(s) that make this situation when
unstable continue to be unstable? Supposed that the situation became unstable and
the layers have been exchanged, would the situation become stable now? One has to
remember that temperature gradient forces continuous heat transfer which the source
temperature change after the movement to the new layer. Thus, the unstable situation
is continuously unstable.

4.3.5 Gravity Variations E®ects on Pressure and Density

Until now the study focus on the change of
density and pressure of the °uid. Equation
(4.12) has two terms on the right hand side,
the density,%2and the body forceg. The body
force was assumed until now to be constant.
This assumption must be deviated when the
distance from the body source is signi cantly
change. At rst glance, the body force is inde-
pendent of the °uid. The source of the gravity
force in gas is another body, while the gravit){:

force source in liquid can be the liquid itself ig. -4.8. The varying gravity e®ects on

density and pressure.

6The same issue of the °oating ice. See example for the °oating ice in cup.
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Thus, the discussion is separated into two dif-
ferent issues. The issues of magnetohydrodynamics are too advance for undergraduate
student and therefore,will not be introduced here.

4.3.5.1 Ideal Gas in Varying Gravity

In physics, it was explained that the gravity is a function of the distance from the center
of the plant/body. Assuming that the pressure is a®ected by this gravity/body force.
The gravity force is reversely proportional t8. The gravity force can be assumed that
for innity, r ! 1 the pressure is about zero. Again, equatiof.{1) can be used
(semi one directional situation) when is used as direction and thus

P_ .G
%%=i%z (4.62)

where hereG denotes the general gravity constant. The regular method of separation
is employed to obtain
Zs z
dP G~ "adr
— = == — (4.63)
p, P RT , r
where the subscripb denotes the conditions at the body surface. The integration of
equation @.63 results in

nN—=i— —i - (4.64)

Or in a simpli ed form as

1 P G rirp
— = — = RT 11y 4.65
%=p - C (4.65)
Equation @.65 demonstrates that the pressure is reduced with the distance. It can be
noticed that forr ! ry, the pressure is approachirlg ! Py. This equation con rms
that the density in outer space is zef#l ) = 0. As before, equation4.65 can be
expanded in taylor series as

starﬁard 7| COFFeCZOﬁfilctor : {
a_ P i 2GRT + G2rp, (rj r
= 5 =1 A rb)i bz( i), (4.66)
1/5 Pb RT 2rb(R T)

Notice that G isn't our beloved and familiag and also thatG r,=RT is a dimensionless
number (later in dimensionless chapter about it and its meaning).
4.3.5.2 Real Gas in Varying Gravity

The regular assumption of constant compressibilify, is employed. It has to remember
when this assumption isn't accurate enough, numerical integration is a possible solution.
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Thus, equation 4.63) is transformed into

z z
Pdp G “'adr (4.67)
— = = )
p, P ZRT , r?
With the same process as before for ideal gas case, one can obtain
G rjr
72_P _ @z (4.68)

Y Py

Equation @.65 demonstrates that the pressure is reduced with the distance. It can be
observed that for ! ry, the pressure is approachirfg ! Py,. This equation con rms
that the density in outer space is zefg1l ) = 0. As before taylor series for equation
(4.6H is

stanﬂard T correctioglfaitor _ {
Yo_ P _ o G(rir), 2GZRT + G?rp (rj rp) ' (4.69)

It can be noted that compressibility factor can act as increase or decrease of the ideal
gas model depending on whether it is above one or below one.

4.3.5.3 Liquid in Under Varying Gravity

For comparison reason consider the deepest location in the ocean which is about 11,000
[m]. If the liquid \equation of state" (4.35 is used with the hydrostatic °uid equation
results in

P FiPo G
%r: i VgeBT 2 (4.70)
which the solution of equation4.70) is
Poi P 1
egT = Constant j w 4,71
r

Since this author is not aware to which practical situation this solution should be
applied, it is left for the reader to apply according to problem, if applicable.

4.3.6 Liquid Phase

While for most practical purposes, the Cartesian coordinates provides sutcient treat-
ment to the problem, there are situations where the spherical coordinates must be
considered and used.

Derivations of the °uid static in spherical coordinates are

58 ¥
1d" r2dP
— 2 % javew 4.72
r2dr Ydr 1G/=0 ( )
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Or in a vector form as

Hl 1
r2 LI P +4YGED (4.73)
2

4.4 Fluid in a Accelerated System

Up to this stage, body forces were considered as one-dimensional. The general, the
linear acceleration have three components as opposed to the previous case of only
one. However, the previous derivations can be easily extended. Equadi@h ¢an

be transformed into a di®erent coordinate system where the main coordinate is in the

direction of the e®ective gravity. Thus, the previous method can be used and there

is no need to solve new three (or two) di®erent equations. As before, the constant

pressure plane is perpendicular to the direction of the e®ective gravity. Generally the
acceleration is divided into two categories: linear and angular and they will be discussed
in this order.

4.4.1 Fluid in a Linearly Accelerated System

For example, in a two dimensional system, for the e®ective gravity
gerr = af+ gk (4.74)
where the magnitude of the e®ective gravity is
iQefr | = P 2+ a2 (4.75)
and the angle/direction can be obtained from

__a
tan = — (4.76)
g
Perhaps the best way to explain the linear acceleration is by examples. Consider

the following example to illustrate the situation.
Example 4.3:
What is the angle of the liquid surface for a container in an accelerated system of
a = 5[m=seqd?
Solution

This question is one of the traditional question the °uid static and is straight forward.
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9 e

Fig. -4.9. The e®ective gravity is for accelerated cart.

This requires to nd the angle of the e®ective body force. This angle/direction can be
found using the following

L . a .
tani ' " =tani = = » 27:01F

9:81
The magnitude of the e®ective acceleration is
p
jOerr j = 52 +9:812 = 11:015[m=sec]

End Solution

Example 4.4:

Cart partially is "Tled with liquid and is sliding on an inclined plane as shown in Figure
4.10. Calculate the shape of the surface. If there is a resistance what will be the angle?
What happen when the slope angle is straight (the cart is dropping straight down)?

Solution

(@)
The angle can be found when the acceleration @

of the cart is found. If there is no resistance,
the acceleration in the cart direction is deter-
mined from \

a=gsin (4.77)
Fig. -4.10. A cart slide on inclined plane.
The e®ective body force is acting perpendicu-
lar to the slope. Thus, the liquid surface is parallel to the surface of the inclination
surface.
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End Solution

(b)

In case of resistance force (either of friction due to the air or resistance in the
wheels) reduces the acceleration of the cart. In that case the e®ective body moves
closer to the gravity forces. The net body force depends on the mass of the liquid and
the net acceleration is

azgi Fr:']st (4.78)

The angle of the surface® <, is now

. Foet
91 m (4.79)

tan®= —
gcos

(©)

In the case when the angle of the inclination
turned to be straight (direct falling) the e®ective
body force is zero. The pressure is uniform in the
tank and no pressure di®erence can be found. So,
the pressure at any point in the liquid is the same
and equal to the atmospheric pressure.

Fig. -4.11. Forces diagram of cart slid-

4.4.2 Angular Acceleration Systems: ing on inclined plane.

Constant Density

For simpli cation reasons, the rst case to deal with a rotation in a perpendicular to
the gravity. That is the e®ective body force can be written as

Oett = j gk+12rp (4.80)
The lines of constant pressure are unit
not straight lines but lines of parabolic ‘Z mass
shape. The angle of the line depends on r | 2 r
the radius as %\
dz _ g g Je
dar ~ : 12r (4.81) center of
circulation

Equation @4.81) can be integrated as
Fig. -4.12. Schematic to explain the angular
12y2 4.8 angle.
Zj zp= .
| 20= g (4.82)
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Notice that the integration constant was substituted lzg. The constant pressure
will be along

' 12p2>
Pi Po=%g(zi 2)+ '29

(4.83)

To illustrate this point, examplet.5is provided.

Calculation of
¢
| the correction &

ctor N d
@
| \
. & 7§

Fig. -4.13. Schematic angular angle to explain example 4.5.

Example 4.5:

A\U" tube with a length of (1+ x)L is rotating at angular velocity of . The center of
rotation is a distancel from the \left" hand side. Because the asymmetrical nature of
the problem there is di®erence in the heights in the U tube armS aé shown in Figure
4.13 Expresses the relationship between the di®erent parameters of the problem.

Solution

It “rst assumed the height is uniform at the tube (see for the open question on this
assumption). The pressure at the interface at the two sides of the tube is same. Thus,
equation @.82) represent the pressure line. Taking the \left" wing of U tube

changez_lﬂ L{d|rect|on
1212

29

chang%_i?l Z{jirection

2 2o =

The same can be said for the other side
12x2L?
29
Thus subtracting the two equations above from each each other results in
L! 2 i1 i x2¢
29
It can be noticed that this kind equipment can be used to nd the gravity.

End Solution

Zrj Zp=

Zri 4 =
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Example 4.6:

Assume the diameter of the U tube R;. What will be the correction factor if the
curvature in the liquid in the tube is taken in to account. How would you suggest to
de ne the height in the tube?

Solution

In Figure4.13 shown the in nitesimal area used in these calculations. The distance of
the in nitesimal area from the rotation center is ?. The height of the in nitesimal area
is ?. Notice that the curvature in the two sides are di®erent from each other. The
volume above the lower point is ? which is only a function of the geometry.

End Solution

Example 4.7:

In the U tube in examplel.5 is rotating with upper part height of . At what rotating
velocity liquid start to exit the U tube? If the rotation of U tube is exactly at the center,
what happen the rotation approach very large value?

4.5 Fluid Forces on Surfaces

The forces that °uids (at static conditions) extracts on surfaces are very important for
engineering purposes. This section deals with these calculations. These calculations are
divided into two categories, straight surfaces and curved surfaces.

4.5.1 Fluid Forces on Straight Surfaces

A motivation is needed before going through the routine of derivations. Initially, a
simple case will be examined. Later, how the calculations can be simplied will be
shown.

Example 4.8:

Consider a rectangular shape gate as shown in Figufel Calculate the minimum
forces,F; and F, to maintain the gate in position. Assuming that the atmospheric
pressure can be ignored.

Solution

The forces can be calculated by looking at
the moment around point \O." The ele-
ment of moment isad» for the width of
the gate and is

z
A

dMm = E‘?rq{)(\ + »)
[

Fig. -4.14. Rectangular area under pressure.
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The pressure,P can be expressed as a
function » as the following

P=gX + »sin

The liquid total moment on the gate is
Zy
M = gy + »)sin ad» (" + »)
0
The integral can be simpli ed as
Zy
M = ga¥sin®  (+ »)2%d» (4.84)
0

The solution of the above integral is

Mapeszpie T
3

M = g¥asin

This value provides the moment th&; and F, should extract. Additional equation is
needed. It is the total force, which is

z b
Fiota = g% + »)sin ad»
0
The total force integration provides
z b

Mo, . 1
Fiotar = g% asin (C + »)d»= g¥asin_ M
0

2
The forces on the gate have to provide

Ll2b‘+ bzﬂ

Fi1+ F, = gl%asin~ 5

Additionally, the moment of forces around point \O" is

_HMappsspi+ BT

F1 + F2(C + b= g¥%asin 3

The solution of these equations is

_ (8" + b abg¥sin_
B 6
_ (83 +2b abg¥sin~
- 6

End Solution

Fi1

F2
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The above calculations are time consuming and engineers always try to make life
simpler. Looking at the above calculations, it can be observed that there is a moment of
area in equation4.84) and also a center of area. These concepts have been introduced
in Chapter3. Several represented areas for which moment of inertia and center of area
have been tabulated in Chapted. These tabulated values can be used to solve this
kind of problems.

Symmetrical Shapes

Consider the two{dimensional sym-
metrical area that are under pressure as o
shown in Figure4.15 The symmetry is L e
around any axes parallel to axis. The :
total force and moment that the liquid ex-
tracting on the area need to be calculated.

First, the force is Fig. -4.15. Schematic of submerged area to
explain the center forces and moments.
Z Z VAR Z_h}(|»)_{
F = PdA = (Pamos + %29NdA = APamos + %29 (»+ “o)sin dA
A "o
(4.85)

In this case, the atmospheric pressure can
include any additional liquid layer above
layer \touching" area. The \atmospheric" pressure can be set to zero.

The boundaries of the integral of equatioml.85 refer to starting point and
ending points not to the start area and end area. The integral in equatidr89 can
be further developed as

0 A 1
2791
1
Fiotat = APamos + %20sin %\OA + »dAE (4.86)
"o
In a nal form as
Fiotar = A [Pamos *+ ¥20sin (To + Xc)] (4.87)

The moment of the liquid on the area around
point \O" is
Z »l
My = P (»)»dA (4.88)

»0

F1

Fig. -4.16. The general forces acting
on submerged area.
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Z I

Zg|
My = (Patmos + g¥2h(») )»dA  (4.89)

»Q

Or separating the parts as

251" P

»1 »1

My = Patmos »dA+gyssin~ »dA (4.90)

»0 »o

The moment of inertia,l ,o,0, is about the axis through point \O" into the page.
Equation @.90 can be written in more compact form as

My = Pamos XcA + g¥ssin'| 0% 0 (4.92)

Example4.8 can be generalized to solve any two forces needed to balance the area/gate.
Consider the general symmetrical body shown in "gdr&6 which has two forces that
balance the body. Equations4(87) and (4.91) can be combined the moment and
force acting on the general area. If the \atmospheric pressure” can be zero or include
additional layer of liquid. The forces balance reads

F1+ F2= A [Pamos + %20sin" (Co+ X¢)] (4.92)

and moments balance reads

F]_ a+ F2 b: Patmos Xe¢ A + g ]/ZSII’]_| XOXO (4.93)
The solution of these equations is
h3 ’ i
Yosin™ Pmﬁ Xe+ Tg¥sinT + Pa‘% bAj ;l,0.0%sin™
Fl= (4.99)
g(bi a)
and
h3 ! i
lyoq0%sin™ i Yesin™ j Pame_ xo+ “oisinT + Pams g A
F2= (4.95)
g(bi a)

In the solution, the forces can be negative or positive, and the distamoeb can
be positive or negative. Additionally, the atmospheric pressure can contain either an
additional liquid layer above the \touching" area or even atmospheric pressure simply
can be set up to zero. In symmetrical area only two forces are required since the moment
is one dimensional. However, in non{symmetrical area there two di®erent moments and
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therefor three forces are required. Thus, additional equation is required. This equation
is for the additional moment around the axis (see for explanation in Figurel?). The
moment around they axis is given by equationd(91) and the total force is given by
(4.87). The moment around thex axis (which was arbitrary chosen) should be

Z
Mx = yPdA (4.96)
A
Substituting the components for the pressure transforms equatidr®@) into
z
My = y (Patmos + Y%g >>Sin_) dA (4.97)
A

The integral in equation 4.96) can be written as

l 0o
20 20
Myx = Patmos ydA+%gsinT  »ydA (4.98)
A A

The compact form can be written as
My = Patmos AYc+ %2gsin | %00 (4.99)

The product of inertia was presented
in Chapter3. These equations4.87),
(4.97) and (4.99 provide the base for
solving any problem for straight area
under pressure with uniform density.
There are many combinations of prob- dA - y
lems (e.g. two forces and moment)
but no general solution is provided.
Example to illustrate the use of these
equations is provided.

Fig. -4.17. The general forces acting on non sym-

metrical straight area.
Example 4.9:

Calculate the forces that are required to balance the triangular shape shown in the
Figure4.18

Solution
The three equations that needs to be solved are

Fi1+ F2+ F3 = Fiotal (4.100)
The moment aroundk axis is

Fib= My (4.101)
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The moment aroundy axis is
Fi1+ Fa(a+ o)+ F3 0= My (4.102)

The right hand side of these equations are given before in equatidr&r), (4.91) and
(4.99.

The moment of inertia of the triangle around is made of two triangles (as shown
in the Figure @.18) for triangle 1 and 2). Triangle 1 can be calculated as the moment of
inertia around its center which i +2a("1j “¢)=3. The height of triangle 1ig 1i o)
and its width b and thus, moment of inertia about its center i, = b("1j 0)3=36.
The moment of inertia for triangle 1 abouw is

pa | —1 12——;

b‘_\3 b(Cyi N 20, "
— (1é60) + (1é 0) o+ (1é 0)

Ixx 1 =

The height of the triangle 2 i ("1 o) and its width b and thus, the moment of
inertia about its center is

¢
2 #——1I"
— blai (‘316i "0)l® 4 blaj (‘Su ol 4 LB (‘éi ")l

INT

Ixx2

and the total moment of inertia

Iax = Ixx1+ Ixx2

The product of inertia of the triangle can =8 ---------—1
be obtain by integration. It can be no- 2
ticed that upper line of the triangle is
y = % + . The lower line of the

triangle isy = (2L 2L2X 4 o4 g

F2 X

Fig. -4.18. The general forces acting on non
symmetrical straight area.
szz (‘li‘gi a)x+\0+a 3 y g
4 5 dy = 2ab® ;142 ab? g+a’p?
Cai o), . Xy dxo dy i
b

Iy =
0

The solution of this set equations is

A [N o
F ab’ (9(6 1+3a)+6g 0) Yasin +8Patmos_
T3 24 '
@1 1a)i o Edior + 1200 gugn-
i
Bio= | o
3 Z{Tli 24 +4§T0 P atmos

72 !
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N N ~ 2
aj —lsa L o+ 27i —123 1 4 712&10 gYesin ~
F3 72
ab =
= 24" 48"
3 24+ 5% Pamos

+

72

End Solution

45.1.1 Pressure Center

In the literature, pressure centers are commonly de ned. These de nitions are mathe-
matical in nature and has physical meaning of equivalent force that will act through this
center. The de nition is derived or obtained from equatiof.91) and equation @.99).
The pressure center is the distance that will create the moment with the hydrostatic
force on point \O." Thus, the pressure center in the direction is

Z

Xp = xP dA (4.103)

1

F A
In the same way, the pressure center in thalirection is de ned as
z

o= ¢ N yP dA (4.104)

=

To show relationship between the pressure center and the other properties, it can be
found by setting the atmospheric pressure angdto zero as following

_g¥sin1 o0
Xp = ATagsin X . (4.105)
Expandingl 0,0 according to equation .15 results in
IXX
= + 4.106
Xp o A Xc ( )
and in the same fashion igp direction
Iy
= + 4.107
Yp VoA Ye ( )

It has to emphasis that these de nitions are useful only for case where the atmospheric
pressure can be neglected or canceled and wheres zero. Thus, these limitations
diminish the usefulness of pressure center de nitions. In fact, the reader can nd that
direct calculations can sometimes simplify the problem.

4.5.1.2 Multiply Layers

In the previous sections, the density was assumed to be constant. For non constant
density the derivations aren't \clean" but are similar. Consider straight/°at body that
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is under liquid with a varying density If density can be represented by average density,
the force that is acting on the body is
z z

Fo = g%hdA» % ghdA (4.108)
A A

In cases where average density cannot be represented reasbntitayintegral has be
carried out. In cases where density is non{continuous, but constant in segments, the
following can be said

z Z z z
Fom = g¥%hdA= g%hdA + g¥%hdA+ ¢c¢e g% hdA (4.109)
A A1 Az An

As before for single density, the following can be written

3
cyA cpA cmiAn
s U G
Fiota = g sSin™ gl/g » dA+ Y »dA+ ¢CC ¢ ¥ »d (4.110)
Aq A An

Or in a compact form and in addition considering the \atmospheric" pressure can be
written as

X
Fiotar = Patmos Atotal + g Sin Yo Xci Aj (4.111)
i=1
where the density%; is the density of the layer and A; and X; are geometrical
properties of the area which is in contact with that layer. The atmospheric pressure can
be entered into the calculation in the same way as before. Moreover, the atmospheric
pressure can include all the layer(s) that do(es) not with the \contact" area.
The moment around axig, My under the same considerations as before is
z
My = g%$% sin dA (4.112)
A

After similar separation of the total integral, one can nd that

x
My =gsin  %l,00, (4.113)
i=1

"This statement also means that density is a monotonous function. Why? Because of the buoyancy
issue. It also means that the density can be a non-continuous function.

8A qualitative discussion on what is reasonably is not presented here, However, if the variation of
the density is within 10% and/or the accuracy of the calculation is minimal, the reasonable average
can be used.
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If the atmospheric pressure also enters into the calculations one can nd that

X
My = Pamos XcAtotal + g Sin Y2l 000 (4.114)
i=1

In the same fashion one can obtain the moment foaxis as

X
Myx = Patmos YcAtotal *+ g Sin %'XOin (4.115)
fl=il,

To illustrate how to work with these equations the following example is provided.

Example 4.10:

Consider the hypothetical Figurd.19. The last layer is made of water with den-
sity of 1000kg=m®]. The densities aré4 = 500[kg=n?], ¥2 = 800[kg=m®], Y2 =
850kg=n7], and ¥ = 1000[kg=m?]. Calculate the forces at pointa; andb,. Assume
that the layers are stables without any movement between the liquids. Also neglect all
mass transfer phenomena that may occur. The heights dng:= 1[m], h, = 2[m],

hs = 3[m],and hy = 4[m]. The forces distances ara; = 1:5[m], a, = 1:75|m], and

by = 4:5[m]. The angle of inclination is is = 45%.

Solution

]

Since there are only two un- 4 hy /
knowns, only two equations are h/ % A
2

needed, which are4(114 and hy 2 | Ds
(4.111). The solution method of F1
this example is applied for cases /

with less layers (for example by 44
setting the specic height dif- PR
ference to be zero). Equation . NZ X
(4.114 can be used by modifying

it, as can be noticed that instead

of using the regular atmosphericrig. -4.19. The e®ects of multi layers density on static
pressure the new \atmospheric” forces.

pressure can be used as

0
Patmos = Pamos + Y291

The distance for the center for each area is at the middle of each of the \small"
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rectangular. The geometries of each areas are

h, 3 _

_ tgn- _ <~ hy . _ sin ! 92 2
Xe1 = 2 Al - sin27 i a |X0X01 - 36 + ( XCl) Al
_ hyths _ . _ “(hsi hp)® 2
Xe2 = Zen— Az = sin (h3 I hz) IXOXOZ ~ T36sin_ + ( XCZ) Az
— ha+hg — . _ “(h4i h3)® 2
Xe3 = Zen Az = sin (hai hs) |x°x°3 = 3en- T (Xc3)™ As

After inserting the values, the following equations are obtained
Thus, the “rst equation is

Appa
0 ‘Z_T| I_{ R >@
F1+ F2= Pamos (b2i a2)+gsin Yor1 Xci Aj
i=1
The second equation is4(114) to be written for the moment around the point \O" as

7 Xc@lotal {
o (b + &)
2

Fias + F2bi = Patmos ‘(bpi a2)+gsin Yor1 Ixoxoi

i=1
The solution for the above equation is

_Pg _Pg
2b; g sin V-1 Ya+1 Xci Aij 29 sin Vo1 Yan Ixoxoi i

2b1] 2a; I
F1=
(b22i 2bl b2+2 az bli azz)\Palmos
2b1i 2a;
2 in—F s 1 f in— P 1 A
g sin To1 Yan Ixoxoi| 2aj; g sin T2 Y+ Xei A +
2b1j 2a;
F2=

(b2®+2 a1 b+ a2 2a1 @2) P atmos
2b1i 231

The solution isn't provided in the complete long form since it makes things messy. It
is simpler to compute the terms separately. A mini source code for the calculations is
provided in the the text source. The intermediate results in Sl units ([m}?], [m*])
are:

Xc1 = 2:2892 X2 = 3:5355 Xc3 = 4:9497

A; =2:696 A, =3:535 A3z =3:535

I woxo; = 14:215 lyox0, = 44:292 o005 = 86:718

The nal answer is

F, = 304809.79N ]

and
F, = 95892392N |

End Solution




86 CHAPTER 4. FLUIDS STATICS

45.2 Force on Curved Surfaces

The pressure is acting on surfaces perpendicular to the direction of the surface (no
shear forces assumption). At this stage, the pressure is treated as a scalar function.
The element force is

dF = | PAdA (4.116)

Here, the conventional notation is used which is to denote the ad&, outward as
positive. The total force on the area will be the integral of the unit force

z
F=j P AdA (4.117)
A
The result of the integral is a vector. So, if thecomponent of the force is needed, only
a dot product is needed as
dFy = dF 2§ (4.118) )

From this analysis (equation

(4.118) it can be observed that ”
the force in the direction of/, for @V
example, is simply the integral of

the area perpendicular ty as

Z Sda,
Fy= PdA, (4.119)
A

The same can be said for the direction.
The force in thez direction Fig. -4.20. The forces on curved area.

4
F, = hgY2dA (4.120)
A

is

The force which acting on the di-
rection is the weight of the liquid above the
projected area plus the atmospheric pres-

i 2
sure. This force component can be com- i =
bined with the other components in the |
other directions to be I

g 2 2 2 ﬂ
Foa = F.°+ F*+ Fy2  (4.121) m;;we
i X the body
And the angle in Xz" plane is affecting
the body
F,
tany, = —— (4.122)
Fx

Fig. -4.21. Schematic of Net Force on °oating
body.
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and the angle in the other planey\z" is

tan ppy = (4.123)

_z
Fy
The moment due to the curved surface require integration to obtain the value. There
are no readily made expressions for these 3{dimensional geometries. However, for some
geometries there are readily calculated center of mass and when combined with two
other components provide the moment (force with direction line).

Cut{Out Shapes E®ects

There are bodies with a shape that the vertical direction direction) is \cut{
out" aren't continuous. Equation 4.120 implicitly means that the net force on the
body isz direction is only the actual liquid above it. For example, Figdr@1 shows a
°oating body with cut{out slot into it. The atmospheric pressure acts on the area with
continuous lines. Inside the slot, the atmospheric pressure with it piezometric pressure
is canceled by the upper part of the slot. Thus, only the net force is the actual liquid
in the slot which is acting on the body. Additional point that is worth mentioning is
that the depth where the cut{out occur is insigni cant (neglecting the change in the
density).

Example 4.11:

Calculate the force and the moment around point \O" that is acting on the dam (see
Figure (4.22)). The dam is made of an arc with the angle § = 45* and radius

of r = 2[m]. You can assume that the liquid density is constant and equal to 1000
[kg=m3]. The gravity is 9.§m=sec] and width of the dame i = 4[m]. Compare the
di®erent methods of computations, direct and indirect.

Solution

The force in thex direction is

Z oz g
Fy = Pr cospudu (4.124)
A
Note that the direction of the area is taken into account (sign). The di®erential area
that will be used isprduwherebis the width of the dam (into the page). The pressure
is only a function ofu and it is

P = Pamos + %20r1sinpt

The force that is acting on thex direction of the dam isAy £ P. When the areaAy
is brdu cospy. The atmospheric pressure does cancel itself (at least if the atmospheric
pressure on both sides of the dam is the same.). The net force will be

Z oz {2z
Fx = Yagrsinpbr cospdu
0

End Solution
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The integration results in
vgbt i ¢

o= 2920 cog (1)
2 Y  4m]

Another way to do this calculation is by
calculating the pressure at mid point and

then multiply it by the projected areaAy T T TG
(see Figured.23) as

x dirction

?X z_pc_{ Fig. -4.22. Dam is a part of a circular shape.
Z—{'—{ v sinpo Yagbr
Fx = Yagbrsinpg 5 = 5 sin“ W

Notice that dAx (cosp) and A, (sinp) are di®erent, why?
The values to evaluate the last equation
are provided in the question and simplify sub-
sidize into it as
1000£ 9:8£ 4£ 2

Fy = . sin(45) = 19600:0[N |

As = r?sin cos

Since the last two equations are identical
(use the sinuous theorem to prove $in? p +
cog = 1), clearly the discussion earlier was
right (not a good proof LOP). The force in

the y direction is the area times width. Fig. -4.23. Area above the dam arc sub-
tract triangle.
& i 4
7 L
r>  r?sinpgcos
Fy=i %poz e ”; L’(’% b g¥e 22375216N]

The center area ( purple area in Figu#e23 should be calculated as

_ yCAarc i yCAtriangIe
Ye = A

The center area above the dam requires to know the center area of the arc and triangle
shapes. Some mathematics are required because the shift in the arc orientation. The
arc center (see Figurd.24) is at

i ¢
4r sin? '*21
Yeare = T

9Well, just a demonstration!
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All the other geometrical values are obtained from

Tables3.1and3.2. and substituting the proper values 4r sin 5 0,
results in — 3 .
A yt e
o ——lo—r—t 2 Jf {219y

4rsin & cos' & 2r cosp sinpr?

5 3u ' 3 2
Yor = eri r2 sinp cosp 4r ;in :
&
This value is the reverse value and it is Fig. -4.24. Area above the dam arc

calculation for the center.
Yer = 1:65174m]

The result of the arc center from point \O" (above
calculation area) is

Ye=Ti Yo =2 1:65174» 0:348|m]
The moment is

My = ycFy » 0:348£ 223752 » 779231759N £ m]

The center pressure fox area is

M4
b (r costo)®
xx I oSl 36 5r cospp
Xp = Xc + = + =
Xc A 2 I COS}h b(r costo) 9
|2}
Xc

The moment due to hydrostatic pressure is

5rcospy

Mp = Xp Fy = Fy » 1539921N £ m]

The total moment is the combination of the two and it is
Miotar = 2319L5[N £ m]

For direct integration of the moment is done as following
Z

dF = PdA = Yagsinpubrdu
0
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and element moment is

e~ T

dM = dF £ * = dF 2r sin L cos H
2 2
and the total moment is Z,
0
M = dMm
0
or
Z _ K u‘ﬂ H uﬂ
M = Yogsinpbr2r sin - cos - dpu
0 2 2
The solution of the last equation is
M = 377%QHoi Sin(24o)) o
4
The vertical force can be obtained by
Z
Fy = P dA,
0
or
Z z_ﬁ —{ z_dﬂ”_{
Fy = Yagrsinurdy cosp
0
(21 3 Fig. -4.25. Moment on arc element around
2 P "
Fy= 9 > Li cB8(ih)®-

Here, the traditional approach was presented “rst, and the direct approach was
presented second. It is much simpler now to use the second method. In fact, there are
many programs or hand held devices that can carry numerical integration by inserting
the function and the boundaries.

To demonstrate this point further, consider a more general case of a polynomial
function. The reason that a polynomial function was chosen is that almost all the
continuous functions can be represented by a Taylor series, and thus, this example
provides for practical purposes of the general solution for curved surfaces.

Example 4.12:
For the liquid shown in Figurd.26 ,calculate the moment around point \O" and the
fprce created by the liquid per unit depth. The function of the dam shapey is

", & x' and it is a monotonous function (this restriction can be relaxed somewhat).
Also calculate the horizontal and vertical forces.

Solution
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The calculations are done per unit depth (into y= 1 ax \\
the page) and do not require the actual depth b k \\\
of the dam. \%d
The element force (see Figuré.26) in Y

this case is y &

z_ﬁ —{ ‘

AN =2
2fl{  p=—t :

dF = (bj y) g% dx2+ dy2
Fig. -4.26. Polynomial shape dam descrip-
The size of the di®erential area is the squardon for the moment around point \O" and
root of the dx? and dy? (see Figure4.26). It force calculations.
can be noticed that the di®erential area that
is used here should be multiplied by the depth.
From mathematics, it can be shown that
S Ildyﬁz

p
2 2 =
dx?+ dy?=dx 1+ dx

The right side can be evaluated for any given func-

tion. For example, in this case describing the dam func- y Si
tion is
s M A i
4pd—yﬁ i X0 o 2 & |,
1+ = =Y1+ ia(i) x (i) *
dx . y
i=1
The value ofxy, is wherey = b and can be obtained by X
“nding the rst and positive root of the equation of x
0= axib Fig. -4.27. The di®erence be-
i=1 tween the slop and the direction

To evaluate the moment, expression of the distance arffgle.

angle to point \O" are needed (see Figur&.27). The
distance between the point on the dam atto the point \Q" is

‘)= " (b1 Y2+ (xni X2

The angle between the force and the distance to point \O" is
Hoo M 1
dy " gpit PiY
dx Xpi X

p(x)=tan it

The element moment in this case is
z J {
p 2

dM = "(x) (bi y)g¥ 1+ j—i cosp(x) dx
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To make this example less abstract, consider the speci ¢ caseoR x°. In this case,
only one term is provided angl, can be calculated as following

r

Xp = e

NI o

q
Notice that ° 5> is measured in meters. The number \2" is a dimensional number with

units of [1/m®]. The derivative atx is

o |

dy
= =12x°
dx X
and the derivative is dimensionless (a dimensionless number). The distance is
M /;:\r _ 1)
~ P . 6\2 s b .
=" (bi 2x%)"+ S0 X
2
The angle can be expressed as
0 1

i ¢ . i 6
u=tani '12x5 " tan'l@MA

The total moment is
Z %5 i ¢ P
M = “(x)cosp(x) 'bi 2x® g 1+12x5 dx
0

This integral doesn't have analytical solution. However, for a given véltigs integral
can be evaluate. The horizontal force is

b _ %gh
Fn = blg) = Tg
The vertical force per unit depth is the volume above the dam as
Z Ry 7
. ¢ .
Fy = 'bi 2x8 g dx= 1/29?

0

In going over these calculations, the calculations of the center of the area were not
carried out. This omission saves considerable time. In fact, trying to "nd the center of
the area will double the work. This author "nd this method to be simpler for complicated
geometries while the indirect method has advantage for very simple geometries.

End Solution

4.6 Buoyancy and Stability
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ho

One of the oldest known scientic re- a
search on °uid mechanics relates to buoy-
ancy due to question of money was car-
ried by Archimedes. Archimedes princi-
ple is related to question of density and
volume. While Archimedes did not know Fig. -4.28. Schematic of Immersed Cylinder.
much about integrals, he was able to cap-
ture the essence. Here, because this ma-
terial is presented in a di®erent era, more advance mathematics will be used. While the
guestion of the stability was not scienti cally examined in the past, the °oating vessels
structure (more than 150 years ago) show some understaniding

The total forces the liquid exacts on a body are considered as a buoyancy issue.
To understand this issue, consider a cubical and a cylindrical body that is immersed
in liquid and center in a depth offg as shown in Figure.28 The force to hold the
cylinder at the place must be made of integration of the pressure around the surface
of the square and cylinder bodies. The forces on square geometry body are made only
of vertical forces because the two sides cancel each other. However, on the vertical
direction, the pressure on the two surfaces are di®erent. On the upper surface the
pressure i2gho i a=2). On the lower surface the pressureYgihy + a=2). The force
due to the liquid pressure per unit depth (into the page) is

= %g(hgj a=2)j (ho+ a=2)) "b=j Yagab=j gV (4.125)

In this case the represents a depth (into the page). Rearranging equatidril@h to
be

5 = g (4.126)

The force on the immersed body is equal to the weight of the displaced liquid. This
analysis can be generalized by noticing two things. All the horizontal forces are canceled.
Any body that has a projected area that has two sides, those will cancel each other.
Another way to look at this point is by approximation. For any two rectangle bodies,
the horizontal forces are canceling each other. Thus even these bodies are in contact
with each other, the imaginary pressure make it so that they cancel each other.

On the other hand, any shape is made of many small rectangles. The force on
every rectangular shape is made of its weight of the volume. Thus, the total force is
made of the sum of all the small rectangles which is the weight of the sum of all volume.

In illustration of this concept, consider the cylindrical
shape in Figuret.28 The force per area (see Figuke29)
is

2 fl(foy
dF = %g(hgj r sinp) sinprdy (4.127)

10T his topic was the author's class name in high school. It was taught by pegf
ago and more, ship builders who know how to calculate GM but weren't awa
behind it. If the reader wonders why such a class is taught in a high schod
explain it: Sea Ozcers High School.

Fig. -4.29. The “oating
forces on Immersed Cylin-
der.
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The total force will be the integral of the equatiord(127)

z 2Ya
F= Y%g(hgi r siny) rdu sinp (4.128)
0
Rearranging equation4(127) transforms it to
z 2Y4
F=rg¥% (hoj r sinp)sinpdyu (4.129)
0
The solution of equation 4.129 is
F=i%rl%g (4.130)
The negative sign indicate that the force acting upwards. While the horizontal force is
Z 2Y
Fy = (hoj r sing)cospudu=0 (4.131)

0

Typical examples to explain the buoyancy are
of the vessel with thin walls put upside down into
liquid. The second example of the speed of the
°oating bodies. Since there are no better examples,
these examples are a must.

Example 4.13:

A cylindrical body, shown in Figuré.30 ,is °oating

in liquid with density,%. The body was inserted
into liquid in a such a way that the air had remained
in it. Express the maximum wall thicknest, as a Fig. -4.30. Schematic of a thin wall
function of the density of the wall/ liquid density, °oating body.

% and the surroundings air temperaturé; for the

body to °oat. In the case where thickness is half the maximum, calculate the pressure
inside the container. The container diametervis Assume that the wall thickness is
small compared with the other dimensions{<<w andt<<h ).

Solution
The air mass in the container is

231
Z_}\1 _{ Patmos
mair = ]/4\/\; h W

The mass of the container is 1

A

z— {
Mcontainer = %1/4\1\; +2 Yaw |'& 1%
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The liquid amount enters into the cavity is such that the air pressure in the cavity equals
to the pressure at the interface (in the cavity). Note that for the maximum thickness,
the height,h; has to be zero. Thus, the pressure at the interface can be written as

Pin = Y ghi,

On the other hand, the pressure at the interface from the air point of view (ideal gas
model) should be

Pin - Mair RTl

[in g4
\

Since the air mass didn't change and it is known, it can be inserted into the above
equation.

_ ¢zp_}(2_{
"Yut h 2T RT,
Y% g hin + Paimos = Pin = h: 1/4\/\;
n
The last equation can be simpli ed into
h Patmos

Y% g hin + Patmos = he
in

And the solution forh;, is

p
Pamos + 40N Pamos %+ Pamos
2g9%

hin = i

and

49 N Patmos Y2+ Patmos 2 i Patmos
29%

The solution must be positive, so that the last solution is the only physical solution.

hin =

Example 4.14:
Calculate the minimum density an in nitely long equilateral triangle (three equal sides)
has to be so that the sharp end is in the water.

Advance material can be skipped *

Extreme Cases

The solution demonstrates that wheim i  Othenh;j, § 0. When the gravity
approaches zero (macro gravity) then

21 3142 42 41,3 ~3
h, = "ames . PTG 2h"%7¢" - Sh /nag

+¢¢ce
% g Patmos Patmos 2 Patmos
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This \strange" result shows that bodies don't °oat in the normal sense. When the
°oating is under vacuum condition, the following height can be expanded into
s
hin - hPatmos + Patmos + ¢¢¢

g% 20%

which shows that the large quantity of liquid enters into the container as it is expected.
End advance material

Archimedes theorem states that the force balance is at displaced weight liquid (of
the same volume) should be the same as the container, the air. Thus,

net displayed ir
' o
7 Wﬁtel’ { 5 confainer z H?] —

]/4V\?(hi hin)g = IV4V\?+2]/4tht]/%g+J/4V\?h Psn-}os
1

If air mass is neglected the maximum thickness is

p
t - 20hw¥%+ Pamos Wi W 49hPamoes Y2+ Pamos 2
e (2gw+4gh) %%

The condition to have physical value for the maximum thickness is

q
Zg h ]/2 + Patmos B 4gh Patmos 1/2 + Patmos 2

The full solution is

p
t _ X WR "~ 4ghPamos %2+ Pamos 2i 20hWRY i Pamos WR T1+2 ghPames WY
max — | (2gw+4 gh)RY3 %2 T1

In this analysis the air temperature in the container immediately after insertion
in the liquid has di®erent value from the nal temperature. It is reasonable as the
“rst approximation to assume that the process is adiabatic and isentropic. Thus, the
temperature in the cavity immediately after the insertion is

T H P 1

T P
The "nal temperature and pressure were calculated previously. The equation of state is
Mair RTi

P =
' Vi

The new unknown must provide additional equation which is

Vi = V4w h;
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Thickness Below The Maximum

For the half thickness = tmT“ the general solution for any given thickness below
maximum is presented. The thickness is known, but the liquid displacement is still
unknown. The pressure at the interface (after long time) is

Vawf hPams R T,

% ghin + Pamos = (hn + hy) YW

which can be simpli ed to

Y% 9 hin + Paimos = ————

The second equation is Archimedes' equation, which is
H 1

i ¢
Vaw (hi hip i )= 'Vawf +2%whtieg + %vih PR% 9

End Solution

Example 4.15:

A body is pushed into the liquid to a distancky and left at rest. Calculate acceleration
and time for a body to reach the surface. The body's densiti% , where® is ratio
between the body density to the liquid density anl € ® < 1). Is the body volume
important?

Solution

The net force is
liquid body
weigh weight
ZH - Z_X —
F= Vg% i Vg®¥%=Vg¥li ®)
But on the other side the internal force is

2f {
F=ma=V ®%a

Thus, the acceleration is

If the object is left at rest (no movement) thus time will bén (= 1=2at?)

s__
2h®

g(li ®)
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If the object is very light ®{  0) then
S p

o

2ghet 3" 2ghet 5P 2gh
6

h®z
g

o

2h®
+ +
g 29 89 1

tmin =

+¢cce

From the above equation, it can be observed that only the density ratio is important.
This idea can lead to experiment in \large gravity" because the acceleration can be
magni ed and it is much more than the reverse of free falling.

End Solution

Example 4.16:

In some situations, it is desired to "nd equivalent of force of a certain shape to be
replaced by another force of a \standard" shape. Consider the force that acts on a half
sphere. Find equivalent cylinder that has the same diameter that

Solution

The force act on the half sphere can be found by integrating the forces around the
sphere. The element force is

AR | L
2z ¢ i
dF = (% i Y%)gr cosA cospcosy cosA r? dudA
The total force is then
Z 1AZ 1A

Fx = (Y2 i Y&)gcog Acog urddudA
0 0

The result of the integration the force on sphere is

V(% i %)rd

The force on equivalent cylinder is

Fe=%rP (% i Y%)h

These forces have to be equivalent and thus

vae » Up)r

2 = %FZ Vo P %’) h

Thus the height is

End Solution
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Example 4.17:

In the introduction to this section, it was assumed that above liquid is a gas with
inconsequential density. Suppose that the above layer is another liquid which has a bit
lighter density. Body with density between the two liquidg < Y5 < rhoy, is °ating
between the two liquids. Develp the relationship between the densities of liquids and
solid and the location of the solid cubical. There situations where density is a function of
the depth. What will be location of solid body if the liquid density varied parabolically.

Solution

In discussion to this section it was shown that met force is the body volume times the
the density of the liquid. In the same vein, the body can be separated into two which
one in rst liquid and second in the second liquid. In this case there are two di®erent
liquid densities. The net force down is the weight of the bddyh A. Whereh is the
height of the body andA is its cross section. This force is balance according to above
explanation by the two liquid as

.08 = 8% (@%+ (1| ®)%)

Where® is the fraction that is in low liquid. After rearrangement it became

_Yei A

C %i %
the second part deals with the case where the density varied parabolically. The density
as a function ofx coordinate alongh starting at point %, is

s =
2
(Yai %)

Thus the equilibration will be achieved is canceled on both sides, when
z x1+h ' 3 X, 2 s
Yah= i (Yai %) dx

X1

VX)) = Ya i

After the integration the equation transferred into
(B%i 3%) x12+ (3 h%j 3h%) x1+ h?%+2h?%

1 =
%h 3h
And the location where the lower point of the body (the physicat), will be at
pép 3h2%2 + (4 Ya i 6h2%) %+3 22| 12%% +3 h% | 3h¥
X 1=
6% i 2%

For linear relationship the the following results can be obtained.
. = h%+hvi 6%
T 2% 2%
In many cases in reality the variations occur in small zone compare to the size of
the body. Thus, the calculations can be carried out under assumption sharp change.
However, if body is small compare the zone of variation, they have to accounted for.

End Solution
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4.6.1 Stability

Figure 4.31 shows a body made of
hollow balloon and a heavy sphere
connected by a thin and light rod.
This arrangement has mass centroid
close to the middle of the sphere.
The buoyant center is below the mid-
dle of the balloon. If this arrange-
ment is inserted into liquid and it will a b c
be °oating, the balloon will be on the
top and sphere on the bottom. Tilt-
ing the body with a small angle from
its resting position creates a shift in the forces direction (examine FiguBdb). These
forces create a moment which wants to return the body to the resting (original) po-
sition. When the body is at the position shown in Figuée31c ,the body is unstable

and any tilt from the original position creates moment that will further continue to
move the body from its original position. This analysis doesn't violate the second
law of thermodynamics. Moving bodies from an unstable position is in essence like a
potential.

A wooden cubic (made of pine, for exam-
ple) is inserted into water. Part of the block
°oats above water line. The cubic mass (grav-
ity) centroid is in the middle of the cubic. How- G
ever the buoyant center is the middle of the vol- .
ume under the water (see Figu#32). This > =
situation is similar to Figure4.31c. However,
any experiment of this cubic wood shows that
it is stable locally. Small amount of tilting of
the cubic results in returning to the original po-
sition. When tilting a larger amount tha®/s=
, it results in a °ipping into the next stable position. The cubic is stable in six positions
(every cubic has six faces). In fact, in any of these six positions, the body is in situation
like in 4.31c. The reason for this local stability of the cubic is that other positions are
less stable. If one draws the stability (later about this criterion) as a function of the
rotation angle will show a sinusoidal function with four picks in a whole rotation.

So, the body stability must be based
on the di®erence between the body's local
positions rather than the \absolute" stabil-
ity. That is, the body is \stable" in some
points more than others in their vicinity.
These points are raised from the buoyant
force analysis. When the body is tilted at
a small angle, , the immersed part of the
body center changes to a new locatidB),

Empty

buoyancy
center

Fig. -4.31. Schematic of °oating bodies.

Fig. -4.32. Schematic of °oating cubic.

Fig. -4.33. Stability analysis of °oating body.
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as shown in Figuret.33 The center of

the mass (gravity) is still in the old loca-

tion since the body did not change. The

stability of the body is divided into three

categories. If the new immerse volume cre-

ates a new center in such way that the couple forces (gravity and buoyancy) try to return

the body, the original state is referred as the stable body and vice versa. The third state

is when the couple forces do have zero moment, it is referred to as the neutral stable.
The body, shown in Figuré.33 when given a tilted position, move to a new

buoyant center,B'. This deviation of the buoyant center from the old buoyant center

location, B, should to be calculated. This analysis is based on the di®erence of the

displaced liquid. The right green area (volume) in Figur&3is displaced by the same

area (really the volume) on left since the weight of the body didn't charigso the

total immersed section is constant. For small angle,the moment is calculated as the

integration of the small force shown in the Figue33as¢ F. The displacement of the

buoyant center can be calculated by examining the moment these forces are creating.

The body weight creates opposite moment to balance the moment of the displaced

liquid volume.

BBOW = M (4.132)

WhereM is the moment created by the displaced areas (volume&8,°is the distance
between pointsB and point B', and, W referred to the weight of the body. It can
be noticed that the distancd8B Cis an approximation for small angles (neglecting the
vertical component.). So the perpendicular distan&38 9, should be

— M

BB 0= W (4.133)
The momentM can be calculated as
M ‘ Y i l/fz_z 20A (4.134)
= X = X .
N g pf(-g%ﬁ g .

The integral in the right side of equatiord(134) is referred to as the area moment
of inertia and was discussed in Chaptgr The distance,BB? can be written from
equation @.1349 as

=50- 97l
BB 0=
1/?>Vbody

(4.135)

Ut is correct to state: area only when the body is symmetrical. However, when the body is not
symmetrical, the analysis is still correct because the volume and not the area is used.
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The point where the gravity force direction is intersecting with the center line of
the cross section is referred as metacentric poidt, The location of the metacentric
point can be obtained from the geometry as

o8]
[

B
B = 4.1
= (4.136)

0

And combining equations4.135 with (4.136 yields

SIVE ]/R_I XX l/EIXX
BM = _ 8%1x 4.137
g 1/3 Sin Vbody 1/3 Vbody ( )
For small angle ( » 0)
. sin™
Jim 22,1 (4.138)

1o

It is remarkable that the results is indepen-
dent of the angle. Looking at Figuré.33
the geometrical quantities can be related
as

z;E}'I]”—{

= 2 Ixx S5~

GM = i BG 4.139
Y2 Vbody l ( )

To unde.rstand these principles ConSIdeIEig. -4.34. Cubic body dimensions for stability
the following examples. analysis.

Example 4.18:

A solid block of wood of uniform densityz = ® %2 where (0- ®- 1) is °oating in a
liquid. Construct a graph that shows the relationship of tl&M as a function of ratio
height to width. Show that the block's lengthl_, is insigni cant for this analysis.

Solution

Equation @.139 requires that several quantities should be expressed. The moment of
inertia for a block is given in Tabl8.1 and isly = Lf;. WherelL is the length into

the page. The distanc8G obtained from Archimedes' theorem and can be expressed
as

immersed

2 { volyme ”
W=1/gahL=1/g ahlL =) h]_: —h
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Stability of Square Block

Thus, the distanceBG is (see Figur&.32)
zZ 1. 7».:
ss.h AL 0ty s/
= 2 | 1/2 2 - 2 | 1/2 _ 157&'2 ,////

(4.140) LR CIS——
21 { | ) .
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= gl/ﬁ 12 i h u i ]/jﬂ -050?;{:‘: 06 08 aiO 12 14 16 18 20
oRppy 2 % “
V , 2008

Simplifying the above equation provides - ) o
Fig. -4.35. Stability of cubic body in nity long.

GM _ 1 a:
h ~ 12® h
where® is the density ratio. Notice that
GM=h isn't a function of the depth,L. This equation leads to the condition where the
maximum height above which the body is not stable any more as
a b
h E)

i %(1i ®) (4.141)

6(1i ®® (4.142)

End Solution

One of the interesting point that the above analysis was that there is a point
above which the ratio of the height to the body width is not stable any more. In
cylindrical shape equivalent equation to equatiofh.142 can be expressed. For cylin-
der (circle) the moment of inertia idy, = ¥%B=64. The distanceBG is the same
as for the square shape (cubic) (see above1@0Q). Thus, the equation is

Stability of Solid Blocks

T PR il B
h ~64@ h ' 2% il —
And the condition for maximum height for s -
stability is I
b p - 0.5’* 7\
H > 32 (1 l ®) ® 0000 0‘1 t;.z 1‘).3 ‘0.4 ‘0.5 ‘0.6 ‘0,7 ‘o.a‘ 0.9

This kind of analysis can be carried for dif-_ ] ]

ferent shapes and the results are shown f(%:r'g' -4.36. The maximum height reverse as a
these two shapes in Figure36. It can be unction of density ratio.

noticed that the square body is more stable than the circular shape body.

Principle Main Axises
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Any body has in nite number of di®erent axises around which moment of inertia
can be calculated. For each of these axises there is a di®erent moment of inertia. With
the exception of the circular shape, every geometrical shape has an axis in which the
moment of inertia is without the product of inertia. This axis is where the main rotation
of the body will occur. Some analysis of °oating bodies are done by breaking the rotation
of arbitrary axis to rotate around the two main axises. For stability analysis, it is enough
to "nd if the body is stable around the smallest moment of inertia. For example, a square
shape body has larger moment of inertia around diagonal. The di®erence between the
previous calculation and the moment of inertia around the diagonal is

| diago Tl axis {
H . pg_:s \ norr%apl{ooaxis

a — 28 ,
Cly = — 6 i 1 » 0:07a

Which show that if the body is stable at main axises, it must be stable at the \diagonal”
axis. Thus, this problem is reduced to nd the stability for principle axis.

Unstable Bodies

What happen when one increases the height ratio above the maximum height
ratio? The body will °ip into the side and turn to the next stable point (angle).
This is not a hypothetical question, but rather practical. This happens when a ship is
overloaded with containers above the maximum height. In commercial ships, the fuel is
stored at the bottom of the ship and thus the mass center (poi} is changing during
the voyage. So, the ship that was stable (positi@M ) leaving the initial port might
became unstable (negativ@M ) before reaching the destination port.

Example 4.19:

One way to make a ship to be a hydrodynamic is by making the body as narrow as
possible. Suppose that two opposite sides triangle (prism) attached to each other to
create a long \ship" see Figuré.37. Supposed thata=h { 0 the body will be
unstable. On the other side if the=h {{ * the body is very stable. What is the
minimum ratio ofa=h that keep the body stable at half of the volume in liquid (water).
Assume that density ratio i¥=2% = 12

Solution

The answer to the question is that the lim-
iting case whereGM = 0. To nd this
ratio equation terms in 4.139 have to
found. The Volume of the body is

Fig. -4.37.  Stability of two triangles put
The moment of inertia is triage (see fortougher.
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explanation in example3/5) is

And the volume is

a? 1 a2
Vooy = @° h2j —=a*h 1j = =
body a 1 a | 4 h2

4
The pointB is a function of the density ratio of the solid and liquid. Denote the liquid
density as¥ and solid density a%z. The point B can be expressed as

= 2%
And thus the distanceBG is

— a Ya
BG=> 1; =
2 Iy

The limiting condition requires thaGM =0 so that

Vel _ BG
1/gvbody
Or explicitly
ah®
Ve 2 apl Vgﬂ
r == 1j =
122 2 %
Yaa’h 1 7 %
After rearrangement and using the de nitions of= h=a %¥&=% results in
Y% “1_ 1‘IT
2 '
1j 7

The solution of the above solution is obtained by squaring both sides and de ning a
new variable such ag = »?. After the about manipulation and selecting the positive
value and to keep stability as

r a

64%i 64432 2%l | 1. 4
73 Bl

X<

2" 2%

End Solution

4.6.1.1 Stability of Body with Shifting Mass Centroid
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Ships and other °oating bodies carry lig- |
uid or have a load which changes the
mass location during tilting of the °oat-
ing body. For example, a ship that carries
wheat grains where the cargo is not prop-
erly secured to the ship. The movement of
the load (grains, furniture, and/or liquid)
does not occur in the same speed as the
body itself or the displaced outside liquid.
Sometimes, the slow reaction of the loadFig. -4.38. The e®ects of liquid movement on
for stability analysis, is enough to be igthe GM .
nored. Exact analysis requires taking into
account these shifting mass speeds. How-
ever, here, the extreme case where the load reacts in the same speed as the tilting of
the ship/°oating body is examined. For practical purposes, it is used as a limit for the
stability analysis. There are situations where the real case approaches to this extreme.
These situations involve liquid with a low viscosity (like water, alcohol) and ship with
low natural frequency (later on the frequency of the ships). Moreover, in this analysis,
the dynamics are ignored and only the statics is examined (see Figy3®.

A body is loaded with liquid \B" and is °oating in a liquid \A" as shown in Figure
4.38 When the body is given a tilting position the body displaces the liquid on the
outside. At the same time, the liquid inside is changing its mass centroid. The moment
created by the inside displaced liquid is

Min = g% | xxB (4.143)

Note that | .« g isn't the same as the moment of inertia of the outside liquid interface.
The change in the mass centroid of the liquid \A" then is

S L !
GGy = 898 Lme _ lmo (4.144)
pass v

Inside
liquid
weight

Equation @.144 shows thatGG® is only a function of the geometry. This quantity,
G1GY, is similar for all liquid tanks on the °oating body.

The total change of the vessel is then calculated similarly to center area calcula-
tions.

@ Mo GGO= g B} g My G1GY (4.145)
For more than one tank, it can be written as
X X
GGo= 9 GG ¥Vi= 2 XX bi (4.146)

Wtotal Wtotal Vbi

i=1 i=1
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A new point can be de ned a&.. This point is the intersection of the center line
with the vertical line formG°.

®
o

G
sin™

GG; =

(4.147)

The distance that was used befoil®@M is replaced by the criterion for stability by
GcM and is expressed as

gl/ﬂ\IXXAi 7GI 1 |xxb

GcM =
¢ 1/%Vbody Miotal Vb

os)

(4.148)

If there are more than one tank partially Tled with liquid, the general formula is

G Mzgl/A|xxAi i 1 X Ixxbi
¢ 1/gvbody Miotal Vhi

o

(4.149)
i=1

One way to reduce the e®ect of the moving mass center due to liquid is done by
substituting a single tank with several tanks. The moment of inertial of the combine
two tanks is smaller than the moment of inertial of a single tank. Increasing the number
of tanks reduces the moment of inertia. The engineer could design the tanks in such a
way that the moment of inertia is operationally changed. This control of the stability,
GM, can be achieved by having some tanks spanning across the entire body with tanks
spanning on parts of the body. Movement of the liquid (mostly the fuel and water)
provides way to control the stabilitycM , of the ship.

4.6.1.2 Metacentric Height, GM , Measurement

The metacentric height can be mea-
sured by "nding the change in the an-
gle when a weight is moved on the
°oating body.

Moving the weight, T a dis-
tance, d then the moment created is

Mweight =Td (4.150)
This moment is balanced by
Miighting = Wiotal GM pew M Fig. -4.39. Measurement of GM of °oating body.
(4.151)

Where, Wit , IS the total weight of the °oating body including measuring weight.
The angle,y, is measured as the di®erence in the orientation of the °oating body. The
metacentric height is

Td

GM =
new Wiotar

(4.152)
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If the change in theGM can be neglected, equatior (152 provides the solution. The
calculation of GM can be improved by taking into account the e®ect of the measuring
weight. The change in height o& is

g Meotal Ghew = g Mship Gactval + QT h (4.153)

Combining equation4.153 with equation (4.152 results in

Miotal Ch T

GM actual = GM new ]
Mship Mship

(4.154)
The weight of the ship is obtained from looking at the ship depth.

4.6.1.3 Stability of Submerged Bodies

The analysis of submerged bodied is di®erent from the stability when the body lay
between two °uid layers with di®erent density. When the body is submerged in a single
°uid layer, then none of the changes of buoyant centroid occurs. Thus, the mass
centroid must be below the buoyant centroid in order to have stable condition.

However, all °uids have density varied in some degree. In cases where the density
changes signi cantly, it must be taken into account. For an example of such a case is
an object °oating in a solar pond where the upper layer is made of water with lower
salinity than the bottom layer(change up to 20% of the density). When the °oating
object is immersed in the two layers, the stability analysis must take into account the
changes of the displaced liquids of the two liquid layers. The calculations for such cases
are a bit more complicated but based on the similar principles. Generally, this density
change helps to increase the stability of the °oating bodies. This analysis is out of the
scape of this book (for now).

4.6.1.4 Stability of None Systematical or \Strange" Bodies

While most °oating bodies are symmet- |
rical or semi{symmetrical, there are sit- [
uations where the body has a \strange" ,

and/or un-symmetrical body. Consider the / ML F

“rst strange body that has an abrupt step L | T ‘\ T

change as shown in Figure4Q. The body \ Fl ‘4 i
weight doesn't change during the rotation \ l M

that the green area on the left and the Big

green area on right are the same (see Fig- \ T

ure 4.40. There are two situations that L b

can occur. After the tilting, the upper part ‘
of the body is above the liquid or part of
the body is submerged under the water. _ .
The mathematical condition for the border'9- ~4:40. ~ Calculations of GM  for abrupt
is whenb = 3 a. For the case ob < 3a shape body.
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the calculation of moment of inertia are similar to the previous case. The moment cre-
ated by change in the displaced liquid (area) act in the same fashion as the before. The
center of the moment is needed be found. This point is the intersection of the liquid
line with the brown middle line. The moment of inertia should be calculated around
this axis.

For the case wheré < 3a x some part is under the liquid. The amount of area
under the liquid section depends on the tilting angle. These calculations are done as
if none of the body under the liquid. This point is intersection point liquid with lower
body and it is needed to be calculated. The moment of inertia is calculated around this
point (note the body is \ended" at end of the upper body). However, the moment to
return the body is larger than actually was calculated and the bodies tend to be more
stable (also for other reasons).

4.6.1.5 Neutral frequency of Floating Bodies

This case is similar to pendulum (or mass attached to spring). The governing equation
for the pendulum is

Where here’ is length of the rode (or the Iine/wirFriz) connecting the mass with the
rotation point. Thus, thepfrequency of pendulum 5%% 9 which measured itlz. The
period of the cycle i2% "=g. Similar situation exists in the case of °oating bodies.
The basic di®erential equation is used to balance and is

ro%'ﬂn rotating gjoment,
A { V%GM =0 (4.156)

In the same fashion the frequency of the °oating body is

s
1 V%GM
—_— 4.157
2% I body ( )
and the period time is
s
|
2y, — o (4.158)
V % GM

In general, the largeGM the more stable the °oating body is. Increase @M
increases the frequency of the °oating body. If the °oating body is used for transport
humans and/or other creatures or sensitive cargo it requires to reduce@Ne so that
the traveling will be smother.
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4.6.2 Surface Tension

The surface tension is one of the mathematically complex topic and related to many
phenomena like boiling, coating, etc. In this section, only simpli ed topics like constant
value will be discussed.

Example 4.20:
In interaction of the molecules shown in Figure ? describe the existence of surface
tension. Explain why this description is erroneous?

Solution

The upper layer of the molecules have unbalanced force towards the liquid phase. New-
ton's law states when there is unbalanced force, the body should be accelerate. However,
in this case, the liquid is not in motion. Thus, the common explanation is wrong.

End Solution

Fig. -4.41. A heavy needle is °oating on a liquid.

Example 4.21:

Needle is made of steel and is heavier than water and many other liquids. However,
the surface tension between the needle and the liquid hold the needle above the liquid.
After certain diameter, the needle cannot be held by the liquid. Calculate the maximum
diameter needle that can be inserted into liquid without drowning.

Solution

Under Construction

End Solution

4.7 Rayleigh{Taylor Instability

RayleighTaylor instability (or RT instability) is named after Lord Rayleigh and G. I.
Taylor. There are situations where a heavy liquid layer is placed over a lighter °uid
layer. This situation has engineering implications in several industries. For example in
die casting, liquid metal is injected in a cavity Tled with air. In poor designs or other
situations, some air is not evacuated and stay in small cavity on the edges of the shape
to be casted. Thus, it can create a situation where the liquid metal is above the air but
cannot penetrate into the cavity because of instability.
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This instability deals with a dense, heavy °uid that is being placed above a lighter
°uid in a gravity "eld perpendicular to interface. Example for such systems are dense
water over oil (liquid{liquid), or water over air(gas{liquid). The original Rayleigh's
paper deals with the dynamics and density variations. For example, density variations
according to the bulk modulus (see sectidn3.3.2 are always stable but unstable of
the density is in the reversed order.

Supposed that a liquid density is arbitrary function of the height. This distortion
can be as a result of heavy °uid above the lighter liquid. This analysis asks the question
what happen when a small amount of liquid from above layer enter into the lower layer?
Whether this liquid continue and will grow or will it return to its original conditions?
The surface tension is the opposite mechanism that will returns the liquid to its original
place. This analysis is referred to the case of in nite or very large surface. The simpli ed
case is the two di®erent uniform densities. For example a heavy °uid de#sityabove
lower °uid with lower density¥/; .

For perfectly straight interface, the heavy °uid will stay above the lighter °uid.

If the surface will disturbed, some of heavy liquid moves down. This disturbance can
grow or returned to its original situation. This condition is determined by competing
forces, the surface density, and the buoyancy forces. The °uid above the depression
is in equilibrium with the sounding pressure since the material is extending to in nity.
Thus, the force that acting to get the above °uid down is the buoyancy force of the
°uid in the depression.

The depression is returned to its
original position if the surface forces are L
large enough. In that case, this situation x
is considered to be stable. On the other
hand, if the surface forces (surface ten-
sion) are not suzcient, t_heISItuatlon_ls Fig. -4.42. Description of depression to explain
unstable and the heavy liquid enters intGne Rayleigh{Taylor instability.
the liquid °uid zone and vice versa. As
usual there is the neutral stable when the forces are equal. Any continues function can
be expanded in serious of cosines. Thus, example of a cosine function will be exam-
ined. The conditions that required from this function will be required from all the other
functions. The disturbance is of the following

1,
h =i hmax cos? (4.159)
where hmax is the maximum depression and is the characteristic length of the

depression. The depression has di®erent radius as a function of distance from the
center of the depressiorx. The weakest point is ak = 0 because symmetrical reasons
the surface tension does not act against the gravity as shown in Fighié2(. Thus, if
the center point of the depression can \hold" the intrusive °uid then the whole system
is stable.

The radius of any equation is expressed by equatidm). The “rst derivative
of cosaround zero issin which is approaching zero or equal to zero. Thus, equation
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(1.47) can be approximated as

1 d?h
—= — 4.1
R dx2 (4.160)
For equation @.159 the radius is
1 498 h
=l 7L2max (4.161)

According to equation {.38) the pressure di®erence or the pressure jump is due to the
surface tension at this point must be

4 hmax Y%
L2
The pressure di®erence due to the gravity at the edge of the disturbance is then

Py i PL= (4.162)

Pui PL=9® i %)hmax (4.163)
Comparing equations4.162 and (4.163 show that if the relationship is

43,%
|_2
It should be noted thathpax is irrelevant for this analysis as it is canceled. The point

where the situation is neutral stable
s
AYRY,
Le=s ——MM— 4.165
¢ gk i %) ( )

>g Wi %) (4.164)

An alternative approach to analyze this instability is suggested here. Consider the
situation described in Figurd.43 If all the heavy liquid \attempts" to move straight
down, the lighter liquid will \prevent" it. The lighter liquid needs to move up at the
same time but in a di®erent place. The heavier liquid needs to move in one side and the
lighter liquid in another location. In this process the heavier liquid \enter" the lighter
liquid in one point and creates a depression as shown in Figuta

To analyze it, considered two con-

trol volumes bounded by the blue lines in
Figure 4.43 The st control volume is H

made of a cylinder with a radius and

the second is the depression below it. The
\extra" lines of the depression should be
ignored, they are not part of the control Ve
volume. The horizontal forces around the
control volume are canceling each other.
At the top, the force is atmospheric pres-

sure times the area. At the cylinder bot-
tom, the force is¥2ghf A. This acts Fig. -4.43. Description of depression to explain
’ the instability.
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against the gravity force which make the
cylinder to be in equilibrium with its sur-
roundings if the pressure at bottom is indeégig h

For the depression, the force at the top is the same force at the bottom of the
cylinder. At the bottom, the force is the integral around the depression. It can be
approximated as a °at cylinder that has depth of4=4 (read the explanation in the
example4.16) This value is exact if the shape is a perfect half sphere. In reality, the error
is not signi cant. Additionally when the depression occurs, the liquid level is reduced a
bit and the lighter liquid is “Tling the missing portion. Thus, the force at the bottom is

h3 Yor |
Foottom » Yar? % +h (Mi Y) 9+ Pamos (4.166)
The net force is then
: Yar
Foottom » 1/4'2 T (1/2 i l/é) g (4-167)

The force that hold this column is the surface tension. As shown in Figurs the
total force is then

Fy, = 2 Yar ¥acosu (4.168)
The forces balance on the depression is then
: Ya I‘,
2Y4r YLOSH» Yar 2 (i %)g (4.169)
The radius is obtained by
s
2Y4 Y80S
r» —— 4.170
(i %)9 ( )

The maximum surface tension is when the angles %=2. At that case, the radius is

s
2Y4 %
r» 7(1/2 ) g (4.171)

The maximum possible radius of the depression depends on the geometry of the
container. For the cylindrical geometry, the maximum depression radius is about half
for the container radius (see Figur&.44). This radius is limited because the lighter
liquid has to enter at the same time into the heavier liquid zone. Since the \exchange"
volumes of these two process are the same, the speci ¢ radius is limited. Thus, it can
be written that the minimum radius is

s
2Y4 %

g% i Y&) (4.172)

I'min tube =
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Fig. -4.44. The cross section of the interface. The purple color represents the maximum heavy
liquid raising area. The yellow color represents the maximum lighter liquid that are \going
down."

The actual radius will be much larger. The heavier liquid can stay on top of
the lighter liquid without being turned upside down when the radius is smaller than
the equation4.172 This analysis introduces a new dimensional number that will be
discussed in a greater length in the Dimensionless chapter. In equatddiv® the
angle was assumed to be 90 degrees. However, this angle is never obtained. The actue
value of this angle is abou¥s2 to ¥=3 and in only extreme cases the angle exceed
this value (considering dynamics). In Figuded4, it was shown that the depression and
the raised area are the same. The actual area of the depression is only a fraction of
the interfacial cross section and is a function. For example,the depression is larger for
square area. These two scenarios should be inserting into equation 4.168 by introducing
experimental coezcient.

Example 4.22:

Estimate the minimum radius to insert liquid aluminum into represent tube at temper-
ature of 600K ]. Assume that the surface tension #)00j[nN=m]. The density of the
aluminum is240kg=m?.

Solution

The depression radius is assume to be signi cantly smaller and thus equatid’j)
can be used. The density of air is negligible as can be seen from the temperature
compare to the aluminum density.

v =
u 3
p it
8v, 0:4
2400£ 9:81

The minimum radius i » 0:02[m] which demonstrates the assumption bf>> r
was appropriate.
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End Solution

b

L3

Lo

L1

Fig. -4.45. Three liquids layers under rotation with various critical situations.

Open Question by April 15, 2010

The best solution of the following question will win 18 U.S. dollars and your name
will be associated with the solution in this book.

Example 4.23:

A canister shown in Figuré.45has three layer of di®erent °uids with di®erent densities.
Assume that the °uids do not mix. The canister is rotate with circular velocity,
Describe the interface of the °uids consider all the limiting cases. Is there a di®erence if
the °uids are compressible? Where is the maximum pressure points? For the case that
the °uids are compressible, the canister top center is connected to another tank with
equal pressure to the canister before the rotation (the connection point). What happen
after the canister start to be rotated? Calculated the volume that will enter or leave,
for known geometries of the °uids. You the ideal gas model. You can assume that the
process is isothermal. Is there di®erence if the process is isentropic? If so what is the
di®erence?
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